Entanglement via Barut-Girardello coherent state for $su_{q}(1, 1)$
  quantum algebra: bipartite composite system by Chakrabarti, R. & Vasan, S. S.
ar
X
iv
:m
at
h/
03
01
03
6v
1 
 [m
ath
.Q
A]
  6
 Ja
n 2
00
3
Entanglement via Barut-Girardello coherent state for
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Abstract
Using noncocommutative coproduct properties of the quantum algebras, we introduce
and obtain, in a bipartite composite system, the Barut-Girardello coherent state for
the q-deformed suq(1, 1) algebra. The quantum coproduct structure ensures this nor-
malizable coherent state to be entangled. The entanglement disappears in the classical
q → 1 limit, giving rise to a factorizable state.
∗E-mail: ranabir@imsc.res.in
1 Introduction
Entanglement is the key distinguishing feature of quantum mechanics setting it apart from
classical physics. A quantum state of a composite system, consisting of two or more sub-
systems, is entangled if it cannot be factorized into direct product of the states of the
subsystems. Entangled states are useful in quantum information processing such as quan-
tum teleportation [1], quantum key distribution [2] and superdense coding [3]. Studying
quantum information theory using entangled coherent states has recently received much at-
tention [4]-[6]. In a related context the coherent states of the su(2) and the su(1, 1) algebras
were studied [7].
The purpose of the present work is to extend the horizon of studies on entangled nonorthog-
onal states so as to incorporate systems with quantum algebraic symmetries [8]. Composite
systems with quantum symmetries, such as anyons for instance [9], are natural candidates
for studying entangled states. The reason for this lies in the noncocommutativity of the co-
product map of the generators of the quantum algebras. As a demonstration of this property
we here analytically obtain, in a bipartite composite system, the Barut-Girardello coherent
state [10] for the suq(1, 1) quantum algebra [8]. The entangled coherent state (3.30) ob-
tained here is not factorizable in the quantum states of its subsystems for a generic value
of the deformation parameter q. As q → 1 in the classical limit, the entanglement in the
state (3.30) disappears reducing it to the factorized classical form (3.2). For the purpose
of setting the framework we first study, in the context of single-node systems, the Barut-
Girardello coherent state for a general class of deformed su(1, 1) algebras. In particular, we
explicitly demonstrate completeness relation for the q-deformed suq(1, 1) Barut-Girardello
coherent states in terms of an ordinary integral over the complex plane. Entangled coherent
state in a bipartite composite system is studied in Sec. 3.
2 Barut-Girardello coherent states for the deformed
su(1, 1) algebras: single-node systems
The generators (K0, K±) of the classical su(1, 1) algebra satisfy the defining commutation
relations
[K0, K±] = ±K±, [K−, K+] = 2K0 (2.1)
and maintain the hermiticity constraints (K†0 = K0, K
†
+ = K−). The Casimir element of the
algebra reads
C = K20 −K0 −K+K−. (2.2)
For the discrete series of representations the basis states read {|n, k〉 |n = 0, 1, 2, · · · ; 2k =
±1,±2, · · ·} and the irreducible representations are parametrized by a single number k:
C = k(k − 1)I. An arbitrary irreducible representation reads
K0 |n, k〉 = (n + k) |n, k〉,
1
K+ |n, k〉 =
√
(n+ 1) (n+ 2k) |n+ 1, k〉,
K− |n, k〉 =
√
n (n+ 2k − 1) |n− 1, k〉. (2.3)
We assume that the set of states described above form a complete orthonormal basis. The
primitive coproduct structure of the classical generators is given by
△ (Ki) = Ki ⊗ 1 + 1⊗Ki ∀i ∈ (0,±). (2.4)
General nonlinear deformations of the su(2) and the su(1, 1) algebras were considered
in [11], [12] and [13]. In particular it was observed in [13] that for a class of these nonlin-
ear deformations exponential spectra occur in the carrier space of the unitary irreducible
representations. In a parallel development in the context of oscillators Manko et al. [14]
introduced, via nonlinear maps, the notion of f -oscillators as a generalization of the standard
q-oscillators. Using the generalized deformed oscillator algebra they also constructed the non-
linear f -coherent states. We follow their approach and construct nonlinear Barut-Girardello
coherent states for a generalized deformed su(1, 1) algebra. We review the technique here
in extenso as our future construction of a bipartite Barut-Girardello coherent state for the
q-deformed suq(1, 1) algebra involves similar methodology. The generators of the nonlinear
algebra are introduced via an invertible map on the corresponding classical generators:
K0 = K0, K+ = f(K0)K+, K− = K− f(K0), (2.5)
where f(K0) is an arbitrary operator-valued real function. The complete orthonormal states
introduced in (2.3) also constitute a carrier space of the deformed generators. The form of
the mapping function f(K0) determines whether the realization is irreducible or not. The
generalized deformed generators follow a nonlinear algebra:
[K0,K±] = ±K±, [K−,K+] = F(K0), (2.6)
where F(K0) = (K0 + k) (K0− k+1) (f(K0+1))2− (K0− k) (K0 + k− 1) (f(K0))2. As we are
concerned with a single-node system in this section, here we do not consider the coalgebraic
properties of the above f -deformed suf(1, 1) algebra. A suitable induced coproduct structure
may be realized for the suf(1, 1) algebra. From the point of view of the classical algebra,
the deformed generators introduced in (2.5) may be regarded as nonlinear operators which
may be of significance in a particular physical situation.
For a single-node system the nonlinear Barut-Girardello coherent state for the deformed
algebra (2.6) is defined as an eigenstate of the generator K−:
K− |α, k〉f = α |α, k〉f , α ∈ C. (2.7)
The above coherent state may be expanded in terms of the basis states introduced in (2.3):
|α, k〉f =
∞∑
n=0
c(f)n |n, k〉. (2.8)
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Inserting the expansion (2.8) in the defining relation (2.7), we, via the use of the map (2.5),
obtain the recurrence relation
c
(f)
n+1 =
α
f(n+ k + 1)
√
(n + 1) (n+ 2k)
c(f)n , (2.9)
whose solution reads
c(f)n = Nf
αn
[f(n+ k)]!
√
n! Γ(n+ 2k)
, [f(n+ k)]! =
n∏
j=1
f(j + k). (2.10)
The normalization condition f 〈α, k|α, k〉f = 1 fixes the constant Nf :
N−2f =
∞∑
n=0
|α|2n
([f(n+ k)]!)2 n! Γ(n+ 2k)
. (2.11)
The preceding derivation yields the normalized nonlinear Barut-Girardello coherent state for
the f -deformed suf(1, 1) algebra:
|α, k〉 = Nf
∞∑
n=0
αn
[f(n+ k)]!
√
n! Γ(n+ 2k)
|n, k〉. (2.12)
Using the properties of the carrier space (2.3) the single-node f -coherent state obtained
above may be expressed in terms operator-valued hypergeometric function as follows:
|α, k〉f = c
(f)
0 exp
(
α (f(K0))
−2
K+ (K0 + k)
−1
)
|0, k〉
= c
(f)
0 0F1
(
; 2k;α (f(K0))
−2
K+
)
|0, k〉. (2.13)
In the classical limit f(K0) → 1, the f -coherent state constructed in (2.12) reduces to the
Barut-Girardello coherent state |α, k〉 for the classical su(1, 1) algebra [10]:
|α, k〉f −→ |α, k〉 =
|α|k−
1
2√
I2k−1(2|α|)
∞∑
n=0
αn√
n! Γ(n+ 2k)
|n, k〉, (2.14)
where the modified Bessel function of the first kind is given by
Im(2z) =
∞∑
n=0
zm+2n
n! Γ(m+ n+ 1)
. (2.15)
Parallel to its classical analog, the set of nonlinear coherent states |α, k〉f exhibits the impor-
tant property of completeness (actually overcompleteness). Using the polar decomposition
3
α = ρ exp(i θ) and integrating over the entire complex α plane, it follows that there exists a
resolution of identity in the form∫
dµf(α) |α〉f f〈α| = I, dµf(α) =
ρ dρ dθ
pi
gf(ρ
2), (2.16)
where the measure gf(ρ
2) obeys an infinite number of moment relations:
2
∫ ∞
0
dρ ρ2n+1 gf(ρ
2) (Nf(ρ
2))2 = n! Γ(n+ 2k) ([f(n+ k)]!)2 ∀n = 0, 1, 2, · · · . (2.17)
Consequently the measure gf(ρ
2) may be explicitly obtained in terms of the inverse Mellin
transform as
gf(ρ
2) =
1
2pii (Nf(ρ2))2
∫ c+i∞
c−i∞
ds ρ−2s Γ(s) Γ(2k + s− 1) ([f(k + s− 1)]!)2, (2.18)
provided [f(k+ n)]! may be continued suitably over the region of integration in the s plane.
The construction (2.12) of the generalized nonlinear Barut-Girardello coherent states for
the suf(1, 1) algebra previously appeared in [7]. But the resolution of unity in the form of
an ordinary integral over the complex plane, and the explicit evaluation of the correspond-
ing measure function for the suq(1, 1) algebra discussed below were not, to our knowledge,
obtained earlier.
After setting the general formalism, here we briefly discuss the single-node Barut-Girardello
coherent state of the q-deformed suq(1, 1) algebra [8]. This state was previously studied
in [15]. The commutation rules and the hermiticity restrictions for the generators of the
suq(1, 1) algebra read
[K0,K±] = ±K±, [K−,K+] = [2K0]q, K
†
± = K∓, K
†
0 = K0, (2.19)
where [x]q = (q
x − q−x)/(q − q−1). For the purpose of our work we treat the deformation
parameter q as a real number satisfying 0 < q < 1. The Hopf structure of the algebra
introduces a noncocommutative coproduct map of the generators, given by
△ (K0) = 1⊗K0 +K0 ⊗ 1, △(K±) = q
K0 ⊗K± +K± ⊗ q
−K0. (2.20)
A well-known property of the Hopf algebra states that the coproduct map is a homomorphism
of the algebra, given here in (2.19). This will be later used in Sec. 3 to obtain, in the context
of a bipartite composite system, the Barut-Girardello coherent states for the q-deformed
suq(1, 1) algebra. In the present purpose of obtaining the Barut-Girardello coherent states
of a single-node system, the coproduct map is, however, not relevant.
Using the well-known Curtright-Zachos [16] map, valid for a generic q, the representations
of the q-deformed suq(1, 1) algebra may be obtained via the unitary representation (2.3) of
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the classical su(1, 1) algebra. The mapping function, introduced for the general deformation
in (2.5), here reads
f(K0) =
√
[K0 − k]q [K0 + k − 1]q
(K0 − k) (K0 + k − 1)
. (2.21)
The normalized single-node Barut-Girardello coherent state for the q-deformed suq(1, 1)
algebra is defined as
K− |α, k〉q = α |α, k〉q (2.22)
and is explicitly given by
|α, k〉q =
|α|k−
1
2√
I
(q)
2k−1(2|α|)
∞∑
n=0
αn√
[n]q! [n+ 2k − 1]q!
|n, k〉q, [n]q! =
n∏
j=1
[j]q!, (2.23)
where the q-deformed modified Bessel function reads
I(q)m (2z) =
∞∑
n=0
zm+2n
[n]q! [m+ n]q!
. (2.24)
The completeness of the q-deformed Barut-Girardello coherent states obtained above may
be demonstrated, and the corresponding measure gq(ρ
2) defined a` la (2.16) and (2.18) may
be explicitly obtained. We will only present the result here [17]:
gq(ρ
2) =
1
2
I(q)ν (2ρ)
[
q2 − 1
q ln q
ν−1∑
l=0
(−1)l
[ν − l − 1]q!
[l]q!
ρ2l−ν
+ (−1)ν+1
(1− q2)2
q2(ln q)2
∞∑
l=0
1
[l]q! [l + ν]q!
(
ln ρ−
1
2
ψq2(l + 1)−
1
2
ψq2(l + ν + 1)
+
1
2
(2l + ν − 3) ln q
)
ρ2l+ν
]
, (2.25)
where ν = 2k− 1. To obtain the analytical continuation of q-factorial [n]q! we have used the
q-Gamma function [18] defined as
Γq(z) = (1− q)
1−z (q; q)∞
(qz; q)∞
, ψq(z) =
d
dz
ln Γq(z), (a; q)n =
n∑
j=1
(1− a qj−1). (2.26)
To our knowledge the above measure relating to the completeness of the single-node Barut-
Girardello coherent state for the suq(1, 1) algebra has not appeared elsewhere. The relevant
classical measure [10] in the q → 1 limit is readily obtained from (2.25) as
gq(ρ
2) −→ g(ρ2) = 2Iν(2ρ)Kν(2ρ), (2.27)
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where Kν(2ρ) is the modified Bessel function of the second kind given by
Kν(2ρ) =
1
2
ν−1∑
l=0
(−1)l
(ν − l − 1)!
l!
ρ2l−ν
+ (−1)ν+1
∞∑
l=0
1
l!(l + ν)!
(
lnρ−
1
2
ψ(l + 1)−
1
2
ψ(l + ν + 1)
)
ρ2l+ν , (2.28)
where ψ(z) = (lnΓ(z))′.
3 Bipartite composite system
Our objective in this section is to construct normalized Barut-Girardello coherent state for
q-deformed suq(1, 1) algebra in the case of a bipartite composite system. As a benchmark
we first consider this problem for the classical su(1, 1) algebra, where the relevant state is
defined by
△ (K−) |α; k1, k2〉 = α |α; k1, k2〉, (2k1, 2k2) = ±1,±2, · · · . (3.1)
The classical coproduct property (2.4) immediately provides the factorized form:
|α; k1, k2〉 = |α1, k1〉 ⊗ |α2, k2〉, (α1, α2) ∈ C, (3.2)
+where
α = α1 + α2. (3.3)
Expanding the state (3.2) in a tensored basis
|α; k1, k2〉 =
∞∑
n1=0
∞∑
n2=0
cn1,n2 |n1, k1〉 ⊗ |n2, k2〉, (3.4)
and using the classical coproduct structure (2.4) we obtain a recurrence relation√
(n1 + 1) (n1 + 2k1) cn1+1,n2 +
√
(n2 + 1) (n2 + 2k2) cn1,n2+1 = (α1 + α2) cn1,n2. (3.5)
The solution of the above double-indexed recurrence relation may be given, of course, as
cn1,n2 = N1N2
αn11 α
n2
2√
n1!n2! Γ(n1 + 2k1) Γ(n2 + 2k2)
, (3.6)
where the normalization factors Ni for i ∈ (1, 2) may be directly read from (2.14) as
Ni =
|αi|
ki−
1
2√
I2ki−1(2|αi|)
. (3.7)
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We have recapitulated the above facts for the purpose of easy comparison with our following
construction of a bipartite Barut-Girardello coherent state for q-deformed suq(1, 1) algebra.
We proceed by defining the said bipartite coherent state for the suq(1, 1) algebra as an
eigenstate of the tensored operator △(K−):
△ (K−) |α; k1, k2〉q = α |α; k1, k2〉q. (3.8)
The state |α; k1, k2〉q may again be expanded a` la (3.4) as
|α; k1, k2〉q =
∞∑
n1=0
∞∑
n2=0
c(q)n1,n2 |n1, k1〉 ⊗ |n2, k2〉. (3.9)
The noncocommutative coproduct structure (2.20) in conjunction with the mapping function
(2.21) now yield a double-indexed recurrence relation for the above coefficients as
qn1+k1
√
[n1 + 1]q [n1 + 2k1]q c
(q)
n1+1,n2
+ q−n2−k2
√
[n2 + 1]q [n2 + 2k2]q c
(q)
n1,n2+1
= α c(q)n1,n2.
(3.10)
In the followings we outline a procedure employed here for solving the above recurrence
relation.
We notice that as q → 1, the deformed recurrence relation (3.10) reduces to its classical
analogue (3.5), provided the constraint (3.3) is maintained. In obtaining the solution of
the quantized recursion relation (3.10) in the presence of the constraint (3.3), we mimic the
classical solution (3.6) and consider the following ansatz:
c(q)n1,n2 =
αn11 α
n2
2√
[n1]q! [n2]q! [n1 + 2k1 − 1]q! [n2 + 2k2 − 1]q!
gn1,n2, (3.11)
where the q-dependent coefficients gn1,n2 are yet to be determined. In order to stay close
to the classical solution, we retain the additive property (3.3) for an arbitrary value of the
deformation parameter q. For the following construction the complex parameters (αi| i =
(1, 2)), while being subjected to the constraint (3.3), are otherwise arbitrary. Inserting the
ansatz (3.11) in the recurrence relation (3.10), we get a simpler recurrence relation satisfied
by the coefficients gn1,n2:
α2 q
n1+k1 gn1,n2+1 + α1 q
−n2−k2 gn1+1,n2 = α gn1,n2. (3.12)
We impose the limiting condition
gn1,n2 → 1 as q → 1, (3.13)
which is consistent with the relation (3.3). Introducing the parameters
ξ =
α1
α
q−k2, η =
α2
α
qk1 (3.14)
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and redesignating the indices, we rewrite the recurrence relation (3.12) as
η qn gn,m+1 + ξ q
−m gn+1,m = gn,m. (3.15)
We now proceed towards solving the above recurrence relation. If we think of the co-
efficients gn,m as elements of a matrix, a little reflection shows that given the elements in
the first row, all other elements can be obtained from (3.15) successively. Accordingly, we
assume that elements in the first row are given as initial conditions:
g0,m = dm, m ≥ 0. (3.16)
The coefficients dm are arbitrary, except for the limiting constraint:
dm → 1 as q → 1. (3.17)
The recurrence relation (3.15) may be systematically used to completely determine the co-
efficients gn,m in terms of the initial distribution dm. The emerging pattern suggests the
following ansatz:
gn,m = q
nm ξ−n
n∑
k=0
(−1)kηkqk(k−1) dm+k hn,k(q), (3.18)
where the elements hn,k are polynomials in the deformation parameter q, such that
h0,0 = 1, ξ
−n
n∑
k=0
(−1)k hn,k(q)
∣∣∣
q→1
= 1. (3.19)
Substituting the ansatz (3.18) in the recurrence relation (3.15) and comparing powers of η
on both sides, we get
hn,0 = 1, hn,n = hn−1,n−1 = · · · = h0,0 = 1 (3.20)
and the recurrence relation
hn+1,k = hn,k + q
2(n−k+1) hn,k−1 for 1 ≤ k ≤ n. (3.21)
A clue to the solution of the recurrence relation (3.21) is provided by its classical limit:
h
(q→1)
n+1,k = h
(q→1)
n,k + h
(q→1)
n,k−1, (3.22)
whose well-known solution reads
h
(q→1)
n,k =
(
n
k
)
. (3.23)
This strongly suggests that in the q-deformed case hn,k involves q-binomial coefficients. In
view of the classical solution (3.23), we try the following ansatz:
hn,k =
{
n
k
}
q2
≡
(q2; q2)n
(q2; q2)k (q2; q2)n−k
. (3.24)
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This indeed solves the recurrence relation (3.21) and yields the correct classical limit (3.23).
The solution of the recurrence relation (3.15) may now be constructed via (3.18) as
gn,m = q
nm ξ−n
n∑
k=0
(−1)kηkqk(k−1) dm+k
{
n
k
}
q2
. (3.25)
The condition (3.17) readily yields the limiting value: (gn,m)q→1 = 1. For special choices of
the boundary coefficients dm the right hand side of (3.25) may be expressed in a closed form.
For instance, if we choose
dm = δ
m, δ → 1 as q → 1, (3.26)
we obtain
gn,m = q
nm δm ξ−n (δ η; q2)n = q
nm δm ξ−n (1− q2n δ η)nq2, (3.27)
where the q-binomial sum [18] is expressed as
(x; q)n =
n∑
j=0
(−1)jqj(j+1)/2
{
n
j
}
q2
xj . (3.28)
In the second equality in (3.27) we have used the notation (1−z)nq ≡ (q
−n z; q)n. The norm of
the bipartite q-deformed Barut-Girardello coherent state introduced in (3.8) is now readily
obtained via (3.9), (3.11) and (3.25). Here, for the purpose of simplicity, we explicitly
consider the boundary condition (3.26). Using the closed form expression (3.27) of the
coefficients gn,m, we now obtain the said norm as
N−2 ≡ q〈α; k1, k2|α; k1, k2〉q =
∞∑
n=0
∞∑
m=0
|c(q)n,m|
2
= |δα2|
1−2k2
∞∑
n=0
qn I
(q)
2k2−1
(2 qn |δα2|)
[n]q! [n + 2k1 − 1]q!
|αn (1− q2n δη)nq2|
2, (3.29)
where the modified q-Bessel function I
(q)
m (2z) is given in (2.24). As the norm has been
expressed above as single-indexed series sum, its convergence in the domain 0 < q < 1 may
be tested in a straight-forward way. In the q → 1 limit, the norm reduces to its classical
value N = N1N2, where the normalization constants Ni (i = (1, 2)) are given by (3.7). For
the domain q > 1, we may replace the coefficients gn1,n2 in (3.11) by gˆn1,n2 = gn2,n1(ξ →
η, η → ξ, q → q−1) and thereby obtain a finite normed q-deformed bipartite coherent state.
This possibility arises on account of the ‘crossing symmetry’ of the recurrence relation (3.15)
which implies that if gn,m(ξ, η, q) is a solution of the said equation, then so is gm,n(η, ξ, q
−1).
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Combining the above derivation we now present the promised bipartite normalized Barut-
Girardello coherent state for the quantized suq(1, 1) algebra:
|α; k1, k2〉q = N
∞∑
n1=0
∞∑
n2=0
qn1n2δn2ξ−n1(δη; q2)n1 ×
×
( 2∏
i=1
αnii√
[ni]q![ni + 2ki − 1]q!
)
|n1, k1〉 ⊗ |n2, k2〉, (3.30)
where we have chosen the boundary condition (3.26) for the purpose of simplicity. It is
evident that in the classical q → 1 limit the above state reduces to the factorized form (3.2).
4 Conclusion
In a bipartite composite system we constructed normalizable Barut-Girardello coherent state
for a quantized suq(1, 1) algebra. Its most remarkable property, as evidenced in (3.30), is
the existence of a natural entangled structure for a nonclassical value of the deformation
parameter (q 6= 1). It is evident from the fact that the summand in (3.30) includes a term
qn1n2 which forbids factorization of the relevant coherent state of the composite system into
quantum states of single-node subsystems. In the classical q → 1 limit, the entanglement
of the state (3.30) disappears as it, in that limit, gets factorized to the form (3.2). Another
aspect of the present derivation is that a one parameter class of deformed coherent states
with arbitrarily distinct choices of boundary values of dm, subject to the limiting constraint
(3.17), goes to the unique classical limit (3.2) as q → 1.
The underlying reason of the present structure of entanglement is the noncocommuta-
tivity of the coproduct structure of the quantum algebras. Therefore entangled structure of
the coherent states of composite systems with quantized symmetries is likely to be a generic
feature. Exploitation of these entangled states obtained here in the context of quantum
teleportation [1] and entanglement swapping [19] is under study. Lastly we remark that
the general nonlinear deformed suf(1, 1) algebra (2.6) may also be used to obtain entangled
states of bipartite composite systems, as an induced coproduct structure may be suitably
imparted to this algebra. The nature of these entanglements may be quite distinct from the
one presented here.
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